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A TAYLOR-GALERKIN FINITE ELEMENT ALGORITHM FOR TRANSIENT 
NONLINEAR THERMAL-STRUCTURAL ANALYSIS 
BY 
E a r l  A. Thornton' and Pramote Dechaumphai* 
INTRODUCTION 
The de te rm ina t ion  o f  t h e  s t r u c t u r a l  response induced by  therrnal e f f e c t s  
i s  an impor tan t  f a c t o r  i n  many aerospace s t r u c t u r a l  designs. Extreme aero- 
dynamic h e a t i n g  on advanced aerospace v e h i c l e s  may produce severe thermal 
s t resses  t h a t  can reduce o p e r a t i o n a l  performance o r  even damage s t r u c t u r e s .  
The performance o f  l a s e r  devices can be degraded by  thermal d i s t o r t i o n s  of 
m i r r o r  sur faces.  The thermal environment i n  space may cause o r b i t i n g  s t r u c -  
t u r e s  t o  d i s t o r t  beyond o p e r a t i o n a l  to lerances.  To p r e d i c t  t h e  s t r u c t u r a l  
response accu ra te l y ,  e f f e c t i v e  numerical techniques capable o f  b o t h  thermal 
and s t r u c t u r a l  analyses a re  requ i red .  One technique, t h e  f i n i t e  eleinent 
method, has been found t o  be p a r t i c u l a r l y  s u i t e d  f o r  such analyses due t o  
i t s  c a p a b i l i t y  t o  model complex geometry and t o  perform bo th  thermal and 
s t r  u c t  u r  a1 anal yses . 
I n  t h e  most common approach t o  determining s t r u c t u r a l  responses induced 
b y  thermal  e f f e c t s ,  t h e  t h e r m a l - s t r u c t u r a l  analyses a re  assumed uncoupled, 
and t h e  s t r u c t u r a l  a n a l y s i s  i s  assumed q u a s i s t a t i c .  The uncoupled assump- 
t i o n  means t h a t  mechanical deformat ion terms i n  t h e  heat t r a n s f e r  energy 
equa t ion  a re  neglected. The q u a s i s t a t i c  assumption means t h a t  i n e r t i a  terms 
i n  t h e  s t r u c t u r a l  equat ions o f  mot ion a r e  neglected. The p r a c t i c a l  e f f e c t  
o f  these assumptions i s  t h a t  t h e  heat t r a n s f e r  a n a l y s i s  can be performed 
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f i r s t ,  and t h e  r e s u l t i n g  temperatures can be used as i n p u t  t o  a subsequent 
s t r e s s  ana lys i s .  T h i s  approach works we1 1 when temperatures change s l o w l y  
as occurs, f o r  example, i n  an o r b i t i n g  space s t r u c t u r e  s u b j e c t  t o  s o l a r  
heat ing.  Under these circumstances, the uncoupled, q u a s i s t a t i c  i d e a l i z a t i o n  
p rov ides  an e f f e c t i v e  approach f o r  f i n i t e  element t h e r m a l - s t r u c t u r a l  analy-  
s i s .  The p r i n c i p a l  d i f f i c u l t y  encountered i n  uncoupled analyses i s  achiev- 
i n g  c o m p a t a b i l i t y  between d i f f e r e n t  thermal and s t r u c t u r a l  models. A n i e r -  
a r c h i c a l  f i n i t e  element approach f o r  i n t e g r a t i n g  uncoupled thermal and 
s t r u c t u r a l  analyses i s  descr ibed i n  Ref. 1. 
When changes i n  temperature occur r a p i d l y ,  t h e  assumptions t h a t  j u s t i f y  
t h e  uncoupled, q u a s i s t a t i c  i d e a l i z a t i o n  a re  no longer  j u s t i f i a b l e .  Temper- 
a t u r e  changes can occur r a p i d l y  due t o  propagat ion o f  thermoel a s t i c  waves, 
d u r i n g  v i b r a t i o n s  induced b y  p e r i o d i c  v a r i a t i o n s  o f  temperature f i e l d s ,  due 
t o  thermal shocks and i n  s i m i l a r  circumstances. These types o f  problems may 
i n v o l v e  r e s o l v i n g  wave- l ike d e t a i l s  o f  t h e  t i m e  dependent response f o r  com- 
p l e x  s t r u c t u r e s .  Moreover, i f  t h e  mechanical coup1 i n g  terms a re  re ta ined ,  
t h e  equat ions a r e  i n h e r e n t l y  non l i nea r  even i n  t h e  m a t e r i a l ' s  e l a s t i c  range. 
The f i n i t e  element method remains a l o g i c a l  s o l u t i o n  approach because of i t s  
c a p a b i l i t y  t o  rep resen t  complex geometries. Tnere i s  a need, however, f o r  
e f f e c t i v e  f i n i t e  element s o l u t i o n  a lgor i thms t h a t  can s o l v e  l a r g e  n o n l i n e a r  
t r a n s i e n t  problems e f f i c i e n t l y .  
The purpose of t h i s  paper i s  t o  present  a Tay lo r -Ga le rk in  f i n i t e  e le -  
ment method f o r  s o l v i n g  1 arge, nonl inear t r a n s i e n t  t h e r m a l - s t r u c t u r a l  prob- 
lems. The method i s  a t h e r m a l - s t r u c t u r a l  a p p l i c a t i o n  o f  a Tay lo r -Ga le rk in  
a l g o r i t h m  r e c e n t l y  developed t o  so lve t h e  conservat ion equat ions o f  i n v i s -  
c i d ,  compressible f l o w  (Ref. 2 ) .  I n  the f l o w  problem, t h e  a l g o r i t h m  i s  used 
t o  s o l v e  t h e  h i g h l y  non l i nea r  Eu le r  equations t h a t  i nc ludes  c a p t u r i n g  shock 
2 
d i s c o n t i n u i t i e s  i n  t h e  f l o w  f i e l d .  F i n i t e  element models o f  f l o w  problems 
u s u a l l y  are q u i t e  l a r g e  w i t h  t h e  number o f  equat ions t y p i c a l l y  i n  the range 
from 3,000 t o  30,000 o r  more. Thus, the a l g o r i t h m  appears t o  have d e s i r a b l e  
a t t r i b u t e s  t h a t  w i l l  make i t  e f f e c t i v e  f o r  l a r g e  non l i nea r ,  t r a n s i e n t  
t h e r m a l - s t r u c t u r a l  problems. 
The f o r m u l a t i o n  o f  a n o n l i n e a r  t h e r m a l - s t r u c t u r a l  problem w i l l  be  pre- 
sented f i r s t ,  then t h e  Tay lo r -Ga le rk in  a l g o r i t h m  w i l l  be descr ibed. Next, 
an e x p l i c i t  e v a l u a t i o n  o f  t h e  f i n i t e  element i n t e g r a l s  i s  descr ibed. F i n a l -  
ly ,  a programming s t r a t e g y  f o r  a vector  computer implementat ion of t h e  
a l g o r i t h m  i s  descr ibed. 
T h i s  research p r o j e c t  i s  supported b y  NASAILangley Grant NSG-1321, and 
mon i to red  by  Mr. A1 l a n  R. Weit ing, LAD-Aerothermal Loads Branch. 
THERMAL-STRUCTURAL FORMULATION 
The nonl i n e a r  coupled t h e r m a l - s t r u c t u r a l  equat ions f o r  a two-dirnension- 
a1 continuum ( r e f .  3) a re  w r i t t e n  i n  the form 
where { U) i s  t h e  vec to r  o f  unknowns, {E) and { F) a re  vec to rs  of s t resses  
and heat  f l uxes ,  and { H }  i s  a " load" vec to r .  These v e c t o r s  are g i ven  by  
3 
0 
U 
V 
0 
P f X  
P f  
Y 
. 
where u and v a r e  t h e  displacements, P i s  t h e  dens i t y ,  u and v a re  
t h e  v e l o c i t i e s ,  c v  i s  t h e  s p e c i f i c  heat  and T i s  t h e  temperature; ax, 
U T  are  t h e  s t r e s s  components; qx, qy a re  t h e  heat  f l uxes ;  fx,  fy 
a r e  body  f o r c e  components per u n i t  volume; B l l ,  B 1 2 ,  622 are c o e f f i c i e n t s  
t h a t  depend on t h e  c o e f f i c i e n t s  o f  thermal expansion, and Q i s  t h e  i n t e r -  
n a l  heat generat ion r a t e  per u n i t  volume. The f i r s t  two equat ions i n  Eq. 
( 2 )  d e f i n e  t h e  v e l o c i t y  components, the t h i r d  and f o u r t h  equat ions a re  t n e  
equat ions of motion, and t h e  f i f t h  equat ion rep resen ts  conserva t i on  o f  
Y’  XY 
energy. The term i n  t h e  square brackets i n  
sen ts  t h e  t h e r m a l - s t r u c t u r a l  coup1 ing. 
The s t r u c t u r a l  and thermal equations a r e  
t o  resemble. t h e  conserva t i on  equat ions o f  f l u  
the l a s t  l i n e  o f  { H }  rep re -  
w r i t t e n  i n  t h e  form o f  Eq. (1) 
d f l ow .  I n  t h e  f l u i d  con tex t ,  
t h e  components o f  { U )  a re  c a l l e d  the conserva t i on  va r iab les ,  and t h e  corn- 
ponents of { E }  and IF) a r e  f l u x e s  o f  mass, momentum and energy across 
t h e  faces o f  a c o n t r o l  volume. I n  the t h e r m a l - s t r u c t u r a l  con tex t ,  t h e  com- 
ponents o f  { U )  may a l so  be regarded as conserva t i on  v a r i a b l e s .  The s t r e s s  
components of { E }  and { F )  now represent t r a c t i o n s  on su r faces  o f  t h e  
c o n t r o l  volume; however,  qx and q s t i l l  r ep resen t  heat  f l u x e s  across 
surfaces o f  t h e  c o n t r o l  volume. 
Y 
I n  f o r m u l a t i n g  t h e  c o n s t i t u t i v e  equations, h i g h l y  n o n l i n e a r  r e l a t i o n s  
I 
between st resses,  s t r a i n s  and temperatures a re  p e r m i t t e d  as w e l l  as n o n l i n -  
ea r  r e l a t i o n s  between heat f l u x e s ,  temperatures and temperature g rad ien ts .  
A n i s o t r o p i c  m a t e r i a l s  can be accommodated as we l l .  For s i m p l i c i t y ,  s imple 
c o n s t i t u t i v e  r e l a t i o n s  f o r  1 inear, e l a s t i c  o r t h o t r o p i c  m a t e r i a l s  w i l l  be 
presented here in.  The s t r e s s - s t r a i n  re1  a t i o n s  f o r  an o r t h o t r o p i c  m a t e r i a l  
a re  expressed as 
c11 c12 0 
c21 c22 0 
0 0 c 3 :  
2. ay ax 
where Cij a re e l a s t i c  constants,  and To i s  t h e  r e f e r e n c e  temperature f o r  
zero s t r e s s .  The heat f l uxes  are expressed by F o u r i e r ' s  law, 
aT qx - k x  - 
ax 
where kx, and k are t h e  thermal c o n d u c t i v i t i e s .  
Y 
Equat ion (1) i s  so lved s u b j e c t  t o  a p p r o p r i a t e  i n i t i a l  and boundary 
c o n d i t i o n s .  The i n i t i a l  c o n d i t i o n s  cons is t  o f  s p e c i f y i n g  t h e  d i s t r i b u t i o n s  
o f  t h e  conserva t i on  v a r i a b l e s  { U }  a t  t i m e  zero. The s t r u c t u r a l  boundary 
c o n d i t i o n s  c o n s i s t  of spec i f y ing  t h e  d i s p l  acernents o r  su r face  t r a c t i o n s  a t  
a l l  p o i n t s  on t h e  boundary. The thermal boundary c o n d i t i o n s  c o n s i s t  of 
I 
spec i f y ing  temperatures o r  heat  f l uxes  a t  a l l  p o i n t s  on t h e  boundary. 
Convect ive and r a d i a t i o n  boundary cond i t i ons  are i nco rpo ra ted  tnrough heat  
f l u x e s .  
TAYLOR-GALEKKIN ALGORITHM 
The s o l u t i o n  domain D i s  d i v ided  i n t o  an a r b i t a r y  n m b e r  o f  elements 
o f  r nodes each. Fig.  1 shows t y p i c a l  q u a d r i l a t e r a l  elements ( r = 4 )  used 
i n  t h i s  paper. For s i m p l i c i t y ,  t h e  f i n i t e  element f o r m u l a t i o n  w i l l  be g i ven  
f o r  a s i n g l e  s c a l a r  equat ion.  
where t h e  v a r i a b l e s  u, E, F and ti are analogous t o  t h e  corresponding vec- 
t o r  q u a n t i t i e s  i n  Eq. (1). L e t  { u } ~  denote t h e  element nodal va lues o f  
t h e  v a r i a b l e  u ( x , y , t )  a t  t i m e  tn. The t i m e  s t e p  A t  spans two t y p i c a l  
t i m e s  tn and tn+l i n  t h e  t r a n s i e n t  response. The computat ion proceeds 
through two t ime  leve ls , .  tn+1/2 and tn+l. A t  t i m e  l e v e l  tn+1/2y values 
f o r  u t h a t  are constant  w i t h i n  each element are computed e x p l i c i t l y .  A t  
t i m e  l e v e l  tn+ly t h e  c o n s t a n t  e lement  va lues coinpated a t  t h e  f i r s t  t i m e  
l e v e l  a re  used t o  compute nodal values f o r  u. In t h e  t i m e  l e v e l  tn+l coin- 
p u t a t i o n s ,  element c o n t r i b u t i o n s  a re  assembled t o  y i e l d  t h e  g l o b a l  equat ions 
f o r  nodal  unknowns. The r e s u l t i n g  equations a re  approx imate ly  d iagona l i zed  
t o  y i e l d  an e x p l i c i t  a lgor i thm.  
Time Level  tn+1/2 
To advance t h e  s o l u t i o n  t o  t i m e  l e v e l  t n+1 /2 ,  a t r u n c a t e d  Tay lo r  
s e r i e s  y i e l d s  
6 
c 
.C 
7 
Then Eq. ( 4 )  i s  in t roduced on t h e  r i g h t  hand s i d e  of Eq. ( 5 )  so t h a t  
U(x,Y,tn+l/2 1 = u(x,y,tn) 
A t  t i m e  l e v e l  tn+1/2, t h e  dependent v a r i a b l e  u(x,y,tn+l/2 ) i s  assumed 
t o  have a constant  va lue  uD n+1'2 w i t h i n  an element. I 
I 
I A t  t i m e  l e v e l  tn i n  t h e  response u, E, F and H v a r y  w i t h i n  an e l e -  
I ment and a re  i n t e r p o l a t e d  f rom nodal values. Thus, t h e  f o l l o w i n g  s p a t i a l  
approximat ions a re  used w i t h i n  an element. 
I 
+ I  Y U f I = l N l v  i r l  I d L L  I I A \  
I ,  
where  [ N ( x , y ) ]  d e n o t e s  e l e m e n t  i n t e r p o l a t i o n  f u n c t i o n s  and { u } ~  i s  a 
v e c t o r  o f  t h e  element nodal q u a n t i t i e s .  For a t y p i c a l  q u a d r i l a t e r a l  element 
t h e  i n t e r p o l a t i o n  f u n c t i o n s  a re  b i l i n e a r ,  and i n  a l o c a l  n a t u r a l  c o o r d i n a t e  
system (see Ref. 4)  have t h e  form 
1 
4 
Ni = - (1 + S i t )  (1 + n j n )  i = 1, 2, 3, 4 
where f i  and q i  d e n o t e  t h e  noda l  c o o r d i n a t e s  (Si,ni = f 1) of  t h e  
e l e m e n t  i n  t h e  S-n p l a n e .  The equations f o r  uD f o r  each element 
a r e  d e r i v e d  by t h e  method o f  weighted r e s i d u a l s .  The s p a t i a l  approximat ions 
g i v e n  i n  Eq. ( 7 )  are i n t roduced  i n t o  Eq. ( 6 )  t o  g i v e  a r e s i d u a l ;  t h e  r e s u l t  
i s  m u l t i p l i e d  by  a we igh t i ng  f u n c t i o n  which i n  t h i s  case i s  u n i t y .  F i n a l l y ,  
t h e  weighted r e s i d u a l  i s  i n t e g r a t e d  over t h e  area A o f  t h e  element. The 
r e s u l t  i s ,  
+ FIA [N] dA { H } n  . 
W i t h  E q .  (9), t h e  dependent v a r i a b l e  u,, n+1'2 f o r  each element can be con- 
puted e x p l i c i t l y  us ing  nodal values f o r  u, E, F and H f rom t h e  prev ious t i m e  
T h e  c o n s t a n t  e lemen t  v a r i a b l e  u D  n+1/2 may be  i n t e r p r e t e d  as a t n  
w e i g h t e d  average of an e lement 's  nodal va lues a t  t i m e  A 1 a t e r  s e c t i o n  
w i l l  d i scuss  t h e  e v a l u a t i o n  o f  t h e  three i n t e g r a l s  t h a t  appear on t h e  r i g h t  
tn. 
9 
hand side of Eq. ( 9 ) .  
In  advancing the solution t o  the  next time level, the values of the 
n+1/2 
dependent var iab les  on the surface may be required a l so .  Let us 
denote the  surface value on a typical element edge I J  on the surface, S3 
i n  F i g .  1. Following the  approach used previously, us  '+'I2 i s  assumed 
constant  on edge I J  a t  time tn+1,2, b u t  a t  time tn,  u ,  E and F vary 
along the edge. Thus the following approximations are used on an element 
edge on S3, 
where [N(s)] denotes the interpolation functions along an element edge. 
Using the method of weighted residuals, the values for us n+1'2 are derived 
by integrating over the length L o f  an  element edge. Hence 
A t  L u  '+'/* = 1, [N] ds{ u ) ~  - - 1, [ N ]  ds {E}n  
S 2 
10 
T h u s ,  Eqs. ( 9 )  and (11) can be used t o  advance explicit ly the element and 
sur face  values of the dependent variables t o  Beginning w i t h  nodal 
values of { u } ~ ,  { E } n ,  and { H } n ,  E q .  ( 9 )  i s  used t o  compute constant 
values uD n+1/2 f o r  each element. In a similar way, E q .  (11) i s  used t o  
compute constant surf ace values us n+1/2 for element edges on boundaries 
t h a t  requi re  these values a t  tn+1/2. For example, us '+'I2 are required 
on element edges with specified stresses or heat f uxes. These values are 
computed explicit ly by looping through a l l  elements and appropriate element 
edges. 
tn+1/2. 
Time Level tn+l 
To advance the solut ion t o  tn+l ,  forward and backward truncated 
Tayl or ser ies  expansions a t  tn+1/2 are used t o  write the approximation 
Then, following the approach used previously, Eq. ( 4 )  i s  introduced on the 
r i g h t  hand  side t o  yield 
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I f  t h e  f l u x  g rad ien ts  aE/ax and aF/ay a re  evaluated us ing  va lues f rom 
t h e  midstep, t h e  g r a d i e n t s  w i l l  be zero because E and F a r e  cons tan t  
w i t h i n  t h e  element a t  midstep. To avoid t h i s  undes i rab le  s i t u a t i o n ,  t h e  
f l u x  g r a d i e n t s  are i n t e r p o l a t e d  f rom t h e i r  va lues a t  tn and tn+l. Thus 
where t h e  i n t e r p o l a t i o n  parameter e v a r i e s  f rom zero t o  one. The equa- 
t i o n s  f o r  t h e  n o d a l  v a l u e s  o f  { u )  nt' can nex t  be de r i ved  by t h e  method 
o f  weighted r e s i d u a l s  i n  t h e  standard way ( r e f .  4)  using t n e  i n t e r p o l a t i o n  
f u n c t i o n s  Ni as we igh t i ng  f u n c t i o n s .  In t h e  process, Eq. (14) i s  Subst i -  
t u t e d  i n t o  Eq. (13), and t h e  terms c o n t a i n i n g  d e r i v a t i v e s  a re  i n t e g r a t e d  b y  
p a r t s .  These opera t i ons  y i e l d  t h e  equat ions f o r  t h e  nodal va lues o f  a 
s i n g l e  element, 
where 
+ ( 1 - e )  { ~ ~ j ~ + + l  + ( 1 - e >  { R , + } " + ~  t {R5}n+1/2 (15) 
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n + l  
{k,}"' = - A t  Is {N }  [N]  ds ( a  {E}:+1 + m {F}s 
{R5}n+1'2 = A t  / A  { N }  dA H n+1/2 
ables on 
m a t r i c e s  
d i agonal 
scheme. 
(16e) 
In Eqs. (16c) and (16e) t h e  c o e f f i c i e n t s  E and m a r e  t h e  components of  a 
u n i t  vec to r  normal t o  t h e  boundary. Fo l l ow ing  usual  f i n i t e  element proce- 
dures, t h e  element m a t r i c e s  g i ven  i n  Eq. (16)  can be assembled t o  form sys- 
tem ( g l o b a l )  equat ions.  
The m a t r i x  [ M I  de f i ned  b y  Eq. (16a) i s  t h e  element c o n s i s t e n t  mass 
m a t r i x .  The term, cons is ten t ,  i s  used t o  d i s t i n g u i s h  these ma t r i ces  from 
d iagonal  mass m a t r i c e s  t h a t  a r i s e  from o t h e r  d i s c r e t i z a t i o n  methods. A 
c o n s i s t e n t  mass m a t r i x  has of f -d iagonal  terms t h a t  couple t h e  element v a r i -  
t h e  l e f t  hand s i d e  of  Eq. (15). The a l g o r i t h m  w i t h  c o n s i s t e n t  mass 
a re  
c i  t 
and a r b i t r a r y  8 i s  an i m p l i c i t  scheme. If t h e  mass m a t r i c e s  
zed and 8 i s  taken as 1, t h e  a l g o r i t h m  becomes an expl  
EXPLICIT EVALUATION OF ELEMENT INTEGRALS 
Element i n t e g r a l s  f o r  t h e  Tay lo r -Ga le rk in  a l g o r i t h m  shown i n  Eqs. (9), 
(11) ,  and (16) were evaluated i n  closed form i n  Ref. 2 t o  avoid expensive 
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numerical i n t e g r a t i o n s  t h a t  a re  customary f o r  q u a d r i l a t e r a l  elements. For  
two dimensional problems, these element i n t e g r a l s  are e i t h e r  i n  t h e  form of  
i n t e g r a t i o n  over t h e  element area o r  along an element edge. As an example, 
t h e  element mass m a t r i x  f o r  a q u a d r i l a t e r a l  element, Eq. (15) ,  i s  g i v e n  by 
CM3 = I' I' 
-1 -1 
(17) 
where { N }  i s  t h e  vec to r  o f  t h e  element i n t e r p o l a t i o n  f u n c t i o n s  i n  terms of 
t h e  element n a t u r a l  coord ina tes  5 and n. The determinant  o f  t h e  Jacobian 
IJ I  t h a t  appears i n  t h e  above equation rep resen ts  t h e  t rans fo rma t ion  f rom 
t h e  element g loba l  coord ina tes  x -y  t o  n a t u r a l  coord ina tes  C-n. The 
t r a n s f o r m a t i o n  permi ts  t h e  e lenent  i n t e g r a t i o n  t o  be evaluated over  a 
square. 
The approach developed i n  Ref. 2 was a l s o  used f o r  t h e  e v a l u a t i o n  o f  
t h r e e  dimensional hexahedral element i n t e g r a l s .  Typ ica l  element i n t e g r a l s  
d e r i v e d  us ing  t h e  Tay lo r -Ga lerk in  a lgo r i t hm are  i n  t h e  same form as ob ta ined 
f o r  t h e  q u a d r i l a t e r a l  element where t h e  element i n t e g r a t i o n s  a re  e i t h e r  
performed over t h e  element volume o r  the element sur face  areas. As an exam- 
p le ,  t h e  mass m a t r i x  f o r  a hexahedral element i s  g i ven  by 
[MI = !" I N 1  
where 5, TI , 5 are  t h e  element na tu ra l  coord ina tes .  
The CPU t i m e  used by the  c losed form s o l u t i o n  o f  t h e  mass m a t r i x  has 
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been i n v e s t i g a t e d  and compared w i t h  CPU t imes r e q u i r e d  f o r  d i f f e r e n t  o r d e r s  
o f  Gauss numerical  i n t e g r a t i o n  f o r  q u a d r i l a t e r a l  and hexahedral elements. 
Al though CPU t i m e  savings f o r  q u a d r i l a t e r a l  elements a r e  l a r g e  ( a  f a c t o r  o f  
50 f o r  a l l  i n t e g r a l s ) ,  t h e  CPU t i m e  savings f o r  hexahedral elements i s  even 
more s i g n i f i c a n t .  T y p i c a l  CPU t imes  f o r  e v a l u a t i o n  of a hexahedral  element 
mass m a t r i x  a re  compared i n  Fig.  2. The f i g u r e  shows t h a t  t h e  c losed  form 
s o l u t i o n  reduces CPU t i m e  s i g n i f i c a n t l y  f o r  an element mass m a t r i x .  Time 
savings i n  excess o f  an o rde r  o f  magnitude a re  o b t a i n e d ? f r o m  t h e  c losed  form 
s o l u t i o n  i n  comparison w i t h  t h e  popular 8 p o i n t s  Gauss i n t e g r a t i o n  method. 
Computational savings f rom e x p l i c i t  eva lua t i on  o f  o t h e r  hexahedral element 
m a t r i c e s  a r e  shown i n  Fig.  3. 
The t i m e  savings gained by e x p l i c i t  e v a l u a t i o n  o f  t h e  f i n i t e  element 
i n t e g r a l s  i s  an impor tan t  s tep  toward develop ing e f f i c i e n t  f i n i t e  element 
computat ions f o r  1 arge three-dimensional  problems. 
VECTOR PROGRAMMING STRATEGIES 
The Tay lo r -Ga le rk in  a l g o r i t h m  used i n  Ref. 2 was implemented w i t h  vec- 
t o r i z a t i o n  s t r a t e g i e s  s p e c i f i c a l l y  f o r  the Langley VPS 32 ( a  Cyber 205 w i t h  
16  m i l l i o n  words o f  c e n t r a l  memory). This computer achieves h i g h  computa- 
t i o n a l  speed when per forming opera t i ons  on long vectors .  Vector  l eng ths  o f  
a t  l e a s t  60 a re  r e q u i r e d  t o  j u s t i f y  v e c t o r i z a t i o n  e f f o r t s  w i t h  maximum pay- 
o f f  achieved f o r  v e c t o r  l eng ths  o f  1000 o r  more. The predominant v e c t o r  
l e n g t h s  i n  t h e  v e c t o r i z a t i o n  scheme a re  t h e  nunber o f  elements i n  t h e  f i n i t e  
element model wi th occasional  operat ions us ing  v e c t o r  l e n g t h s  equal t o  t h e  
nunber o f  nodes. 
The c r i t i c a l  v e c t o r i z a t i o n  tasks  a re  f o r  those opera t i ons  t h a t  are 
For f i n i t e  element a lgor i thms,  r e p e t i t i v e  and performed a t  every t i m e  step. 
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these opera t i ons  are: (1) assemb y o f  element c o n t r i b u t i o n s  i n t o  t h e  g l o b a l  
system of equat ions,  ( 2 )  s o l u t i o n  o f  the g l o b a l  system o f  equat ions,  and (3 )  
a p p l i c a t i o n  o f  boundary cond i t i ons .  
The assembly of element c o n t r i b u t i o n s  i n t o  t h e  g l o b a l  system o f  equa- 
t i o n s  i s  t h e  process i n  f i n i t e  elements which d i f f e r s  most from o t h e r  nm- 
e r i c a 1  techniques and r e q u i r e s  spec ia l  r o u t i n e s  f o r  v e c t o r i z a t i o n .  Nodal 
unknowns a re  s to red  i n  one dimensional a r rays  f rom 1 t o  t h e  n m b e r  o f  nodes 
i n  t h e  model, and i n  general,  node nunbering may be a r b i t a r y  throughout  t h e  
mesh. Assembly of element c o n t r i b u t i o n s  i s  performed u s i n g  t h e  VPS 32 
FORTRAN-suppl i e d  s c a t t e r  r o u t i n e  which p laces an element c o n t r i b u t i o n  i n t o  . 
t h e  proper  l o c a t  on i n  t h e  system o f  equat ions based on t h e  element connect- 
i v i t y .  Every e ement t h a t  con ta ins  a p a r t i c u l a r  node i n  i t s  c o n n e c t i v i t y  
p r o v i d e s  i t s  own c o n t r i b u t i o n  t o  t h e  system equat ions,  t h e r e f o r e ,  t h e  assein- 
b l y  i s  an a d d i t i v e  operat ion.  "Sca t te r i ng "  a lone would mere ly  o v e r w r i t e  a 
p rev ious  element c o n t r i b u t i o n .  The specia l  v e c t o r  r o u t i n e ,  then does an 
I' add i t i v e s c a t t e r  . I' 
F o r  an e x p l i c i t  scheme, s o l u t i o n s  are ob ta ined  d i r e c t l y ,  so t h a t  opera- 
t i o n  (2 )  v e c t o r i z e s  n a t u r a l  I y .  Operat ion (31, t h e  app! i c a t i o n  ef b ~ u n d a r y  
c o n d i t i o n s ,  i s  an i n t r i n s i c a l l y  s c a l a r  ope ra t i on  and d i f f i c u l t  t o  v e c t o r i z e .  
However, use o f  b i t  v e c t o r s  t o  f l a g  boundary nodes and use o f  VPS 32 FORTRAN 
s u p p l i e d  r o u t i n e s  enables f u l l  v e c t o r i z a t i o n  o f  t h i s  ope ra t i on .  
A program f l o w  c h a r t  f o r  t h e  Tay lo r -Ga le rk in  a l g o r i t h m  i s  shown i n  F ig .  
4.  
CONCLUOING REMARKS 
A Tay lo r -Ga le rk in  f i n i t e  element s o l u t i o n  a l g o r i t h m  f o r  t r a n s i e n t  non- 
1 i n e a r  t h e r m a l - s t r u c t u r a l  analyses o f  1 arge, complex s t r u c t u r a l  problems 
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subjected t o  rapidly applied thermal-structural loads i s  described. The 
two-step Taylor-Galerkin algorithm i s  an application of an algorithm re- 
cently developed for  problems in compressible f luid dynamics. The element 
integrals  t h a t  appear in the algorithm can be evaluated in closed form f o r  
two and three dimensional elements. Numerical calculations show t h a t  compu- 
ta t ional  times are reduced significantly by the closed form integral evalua- 
t ion.  The algorithm has been implemented on the NASA Langley VPS 32 vector 
computer with special programming s t ra tegies  t o  yield very high computa- 
tional speeds for  the solution o f  large problems. The many desirable a t t r i -  
butes of the algorithm indicate tha t  i t  will be quite effective fo r  the 
solution of large, nonlinear, transient thermal-structural problems. 
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